
In the case of a constant s t r e s s  a 1 applied to the boundary of a rec tangular  a rea  

~Pl (~R, ~R) = k~ 2 sia-~ ~ c~ q~ sin (kRa cos ~) sin (kRb sin (p) a 1. 

Hence it follows that if the size of the a rea  is selected according to the dependences a = nTrvR/w cos ~ or  
b = n v v R / w  sin (p, then there  will be no displacements .  Therefore ,  the influence of the inhomogeneity of the 
medium on the s ize  of the a rea  for which the maximal  or  minimal par t  of the energy of the vibrations source  
is t ransmit ted  to excitation of a Rayleigh wave in a given direct ion can be est imated.  
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ANTIPLANAR DEFORMATION OF AN ELASTOPLASTIC 

STRIP WITH A SEMI-INFINITE CRACK 

V. G. N o v i k o v  UDC 539.374 

The features  and details of plast ic flow at a c rack  tip govern its development [1]. Therefore ,  it is im-  
por tant  to have a co r r ec t  idea about the shape and dimensions of the plastic zone, and about the intensity of 
deformation in it. In view of this there  is considerable  importance in the problem during whose solution, apart  
f rom determining s t r e s s e s  and s t ra ins ,  there  should be determination without p r io r  assumptions of the boundary 
separa t ing  the elast ic  and plast ic regions.  A study was made in [2-8] of approximate and numerical  methods 
for this problem, and analytical solutions in closed form have only been obtained for antiplanar deformation of 
a boundless mater ia l  with one rec t i l inear  c r ack  or a periodic sys tem of coll inear defects [9-14]. In th i swork  an 
accura te  solution is obtained for the elastoplast ic  problem of aatiplanar deformation of a s tr ip with a semi-infinite 
crack.  

We consider  antiplanar deformation of a str ip made of elastoplast ic  mater ia l  occupying the region [x I < r 
I Y l - d. It is assumed that in the plast ic condition mater ia l  behavior is descr ibed by the Tresk  condition 

~ + a~ = ~. (1) 

and by an associated rule for plast ic flow, and in the elast ic region by Hooke's  l inear rule 

aw aw 

2 2 

(2) 

(3) 
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w h e r e  a x z  and a y  z a r e  s t r e s s  t e n s o r  c o m p o n e n t s ;  T .  i s  y i e l d  s t r e n g t h ;  p i s  s h e a r  m o d u l u s ;  w i s  d i s p l a c e m e n t  
a long  ax i s  z.  In  a s t r i p  wi th  y = 0, x < 0 t h e r e  i s  a s e m i i n f i n i t e  c u t - c r a c k  w h o s e  s i d e s  a r e  f r e e  f r o m  load  

~ y z =  0, x < 0 ,  y =  0. (4) 

I t  i s  we l l  known [5, 9] t ha t  with a n t i p l a n a r  d e f o r m a t i o n  a r e g i o n  of p l a s t i c i t y  a d j o i n s  the  c r a c k  t ip  and i s  
l o c a t e d  as  a whole  in the  r e g i o n  x > 0 a s  shown in F ig .  1, and s t r e s s  and s t r a i n  d i s t r i b u t i o n  in the  p l a s t i c  zone  
have  the f o r m  

ow ~ - R  (0), ow a 0 z = w , ,  ~ r z = 0 ,  - ~ - =  - y F = 0 .  (5) 

H e r e  r 2 = x 2 + y2; R(0)  i s  d i s t a n c e  f r o m  the  o r i g i n  to the  e l a s t o p l a s t i c  bounda ry .  The  va lue  of R(0)  i s  p r e v i o u s l y  
unknown, and should  be d e t e r m i n e d  in the  c o u r s e  of s o l v i n g  the  p r o b l e m .  

Le t  a t  t he  b o u n d a r y  of  the  s t r i p  wi th  y = ~=d d i s p l a c e m e n t  be  p r e s c r i b e d  

w(x, _ d )  = -+-dwo/t~, lxl < r162 (6) 

w h e r e  7 o i s  a c o n s t a n t  with a s t r e s s  d i m e n s i o n  (w 0 ___ 7 , ) .  F r o m  (2) and (6) i t  fo l lows  t ha t  

(r~z = 0, Ix[ < co, y = ~ d ;  (7) 

%~ - -  i ~  -+ ~0, z -+ A-co, lyl <~ d. (8) 

In c o n s t r u c t i n g  a s o l u t i o n  in the  e l a s t i c  r e g i o n  r e l a t i o n s h i p s  (4) and (7) s e r v e  a s  b o u n d a r y  c ond i t i ons  at  the  c r a c k  
e d g e s  and at  the  b o u n d a r y  of t he  s t r i p ,  and r e l a t i o n s h i p  (1) p l a y s  the  r o l e  of  a b o u n d a r y  cond i t i on  at  the  e l a s t o -  
p l a s t i c  b o u n d a r y .  A f t e r  c o n s t r u c t i n g  a s o l u t i o n  in the  e l a s t i c  r e g i o n  and d e t e r m i n i n g  the s h a p e  of  t he  e l a s t o -  
p l a s t i c  b o u n d a r y ,  s t r e s s  and s t r a i n  d i s t r i b u t i o n  in the  p l a s t i c  r e g i o n  a r e  found f r o m  Eq.  (5). 

I t  i s  we l l  known [15] t ha t  in  t he  e l a s t i c  r e g i o n  a y z  - i a x z  i s  an a n a l y t i c a l  func t ion  of x - iy  and c o n v e r s e l y  

z - - i y  
w. (9) 

H e r e  f(~) i s  a func t ion ,  a n a l y t i c a l  wi th  a l l  ~, c o r r e s p o n d i n g  to  s t r e s s e s  in  the  e l a s t i c  r e g i o n ,  and a p r i m e  i n -  
d i c a t e s  d i f f e r e n t i a t i o n  fo r  the  a r g u m e n t .  F r o m  (3), (4), (7)-(9),  i t  fo l lows  tha t  the  e l a s t i c  r e g i o n  of p l a n e  (x, y) 
r e f l e c t s  a h a l f - c i r c l e  of  uni t  r a d i u s  with a cu t  a long  the  m a t e r i a l  ax i s  in  p l ane  ~ (F ig .  2). P o i n t s  A, B . . . . .  
H, I, M in F i g .  2 c o r r e s p o n d  to p o i n t s  A, B . . . . .  H, I, M in F i g .  1, and in F i g .  2 po in t  A m e r g e s  wi th  B, F wi th  
G, and po in t  H wi th  I. F r o m  (5) i t  f o l l ows  [10] tha t  ang le  0 in  F ig .  1 e q u a l s  ang le  0 in  F ig .  2 fo r  any po in t  M 
at  the  e l a s t o p l a s t i c  b o u n d a r y .  

We d e s i g n a t e  in  t e r m s  of  0 / 0 p  d i f f e r e n t i a t i o n  a long  the  a r c  length  of  c o n t o u r  A, B . . . .  , H, I in  F i g .  2 wi th  
c o u n t e r c l o c k w i s e  p a s s a g e .  F r o m  (9) we ob t a in  

of x- - ty  at 
ap d Op (10) 

Us ing  F i g s .  1 and 2 and e x p r e s s i o n  (10) i t  i s  p o s s i b l e  to  show [10] tha t  ~ R e f / 0 p  = 0 in the  s e c t i o n  of  the  bound-  
a r y  B C D E F .  T h e r e f o r e  

Re f =  O, ~ BCDEF, (11) 
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w h e r e  the  i n t e g r a t i o n  c o n s t a n t  i s  a s s u m e d  to equa l  z e r o .  S ince  y = ~:d and 0 ~ / 0 P  = ~1 wi th  ~ E AIHG, then  

0 Im f / O p  = - 1  a t  both  e d g e s  of  the  cut .  C o n s e q u e n t l y  

h a ] - ~  d: T-T- ~, ~ ~ AIHG. (12) 

H e r e  T = r 0 / r . ,  and the  u p p e r  and l o w e r  s i g n s  c o r r e s p o n d  to the  u p p e r  and l o w e r  edge  of the  cut  in  F ig .  2. 

Thus ,  in o r d e r  to  d e t e r m i n e  func t ion  f(~) ,  wh ich  i s  a n a l y t i c a l  in the r e g i o n  wi th in  t he  c u r v e  A, B,  . . . ,  H, i, 
we have  a m i x e d  b o u n d a r y  p r o b l e m  (11) and (12). By d i r e c t  v e r i f i c a t i o n  i t  i s  p o s s i b l e  to be c e r t a i n  that  i t s  s o -  

lu t ion  t a k e s  the  f o r m  

t In (t Y2~ 2) - -  - ~  -1- -~- 111 [(~ _~ T) (t  - -  T~)J" 1(~)=-~-  ~- - - ~ l n  I _ r .  [(~--T) 

" " 111 (1 -- T2~ 2) (13) 

F o r  t he  p o s i t i o n  of  the  e l a s t o p l a s t i c  b o u n d a r y  f r o m  (9) we f ind [10] tha t  

B(O)/d = e~~ (14) 

The  amoun t  of d i i sp l acemen t  at  the  e l a s t o p l a s t i c  b o u n d a r y  i s  ob t a ined  f r o m  (5) wi th  i n t e g r a t i o n  fo r  0 

W = 9w [R (0), 0]/dT, = - -  i [] (e ie) - -  ] ( l) l .  (15) 

E q u a t i o n s  (5), (9) and (13)-(15) g ive  a so lu t i on  of the  e l a s t o p l a s t i c  p r o b l e m  for  a s t r i p  wi th  a s e m i i n f i n i t e  c r a c k .  

By s u b s t i t u t i n g  (13) in  (14) and (15) we have  

R (0) 2" ( ln  q cos 0 - -  q~ sin O), 
d 

2 W = -~- (T~ + 2T~p - -  ~ cos 0 - -  In q sin 0).,~ 

q = (1 --  2T 2 cos 20 -? T4)~/~ (16) 

T 2 
= - - s i n 2 0 ,  [qDl~< 2 ,  sin q) q 

T sin O 
sin q) = ( l  -? 2T cos {) + T") /- 

A n a l y s i s  of  e x p r e s s i o n  (16) i n d i c a t e s  tha t  the  m a x i m u m  va lue  R = R 0 i s  o b s e r v e d  with  O = 0, and W = W 0 i s  o b -  
s e r v e d  with  0 = 7r /2,  and 

Ro _~ 2 In (t - -  T2), 
d :~ 

2 [  T in (l _{_ T2)]. W o = -  K 2Tarcs in ] / t_ [_T  2 

(17) 

D e p e n d e n c e s  fo r  R0/d  and W 0 on d i m e n s i o n l e s s  load  T a r e  g iven  in F ig .  3 ( c u r v e s  i and 2, r e s p e c t i v e l y ) .  
It fo l lows  f r o m  (17) t ha t  with s m a l l  T, R 0 and W 0 a r e  p r o p o r t i o n a l  to T 2. Wi th  T ~ 1 in c o n t r a s t  to the c a s e  
of a s i ng l e  c r a c k  of  f in i te  l eng th  in a l i m i t l e s s  m a t e r i a l  [10], the  va lue  of R 0 r e v e r t s  to  in f in i ty  by a l o g a r i t h m i c  
r u l e ,  and not  e x p o n e n t i a l l y .  In view of t h i s  we c o n s i d e r  the c a s e  of T = 1 s e p a r a t e l y .  R e l a t i o n s h i p  (13) i s  s i m -  
p l i f i ed :  

f 1 / ( 0  = i (t  - -  ~) 7- ~ [ ( i  - -  ~2) In (1 - -  ~ )  + 2~ 2 In El, 

I ' ( 0 = - ~  ~ t +  I n ( l - ~ = ) - ; l n ~ ,  

and e x p r e s s i o n s  for  R(0)  and W a r e  r e d u c e d  to the  f o r m  
2 ~ R ( 0 ) = ~ - - [ ( T - - 0 ) d  s b ~ 0 - - c o s 0 1 n ( 2 s i n 0 ) ] ,  

2 [ 0 c o s 0 - -  sin01n (2 sin0)], W = t - -  cos 0 I-  -:4- 

R o = o %  W 0 - 1 - 2 h 1 2 ,  0~<0~.~ n 
.u 2-" 

(I s) 

455 



2 r 

o,5 
Fig .  3 

T l 

0,2r - - -  
g/d 

0 1 x / d  

Fig.  4 

O, 

Fig.  5 
x / d  

J,5 
i~\ \, iII\\ \\ 

\\\',(X 
o,5 

. 

1 
I 

Q 1 O, 2 x / d  

Fig .  6 

The shape of the e l a s top l a s t i c  boundary ca lcu la ted  by Eqs.  (16) and (18) is  shown in Fig .  4 (curves  1-6 
co r r e spond  to T = 0.7; 0.85; 0.92; 0.97; 0.99 and 1). With T - -  0 the p l a s t i c  zone t akes  a sympto t i ca l l y  the shape 
of a c i r c l e ,  which ag ree s  with the r e s u l t  for  the case  of a s ingle  semi inf in i te  c r a c k  in a l i m i t l e s s  m a t e r i a l  [5]. 
With T - -  1 p la s t i c  zone length is  much g r e a t e r  than i t s  width, i . e . ,  with an i n c r e a s e  in load the p la s t i c  reg ion  
i n c r e a s e s  main ly  in the d i r ec t i on  of c r a c k  extension.  

The amount of d i sp l acemen t  at  the e l a s t o p l a s t i c  boundary i s  given in Fig .  5, where  cu rves  1-3 r e l a t e  to 
T = 0.7, 0.85, and 1. In c o n t r a s t  to the case  of a c r a c k  with f ini te  length in a l i m i t l e s s  m a t e r i a l  [10], d i s p l a c e -  
ment  he re  at the e l a s top l a s t i c  boundary r e m a i n s  f ini te  with T - -  1. 

The dependence of s t r e s s e s  Cry z on coord ina te  x with y = 0 (at the c r a c k  extension) is  shown in Fig .  6 by 
sol id  l ines  1-4 for  T = 0.2; 0.3; 0.4 and 0.5, and broken l ines  with the s ame  T give values of the function 

~__l ~ T 

~* ] / I  -- o ~ (19) 

d e s c r i b i n g  s t r e s s  a y z  d i s t r ibu t ion  in the c r a c k  extens ion in the  case  of the e l a s t i c  p r o b l e m  when the p la s t i c  
zone at the c r a c k  t ip is  absent  [16]. F r o m  the r e s u l t s  p r e s e n t e d  in Fig .  6 it  can be seen  that  r e l a t i onsh ip s  (9) 
and (19) only ag ree  with x > A, where  A ~ R 0. However ,  s ince  R 0 ~ T 2 with T << 1, then in the case  of a s m a l l  
load solut ion of the e l a s t i c  p r o b l e m  with good a c c u r a c y  a pp r ox i m a t e s  the solut ion of the e l a s t o p l a s t i c  p r o b l e m  

of a lmos t  the whole s t r i p  ] y I -< d. 
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C R E E P  O F  AN I C E  C O A T I N G  L Y I N G  U P O N  A H Y D R A U L I C  

F O U N D A T I O N  U N D E R  T H E  A C T I O N  O F  A C O N C E N T R A T E D  

F O R C E  

V. M. A l e k s a n d r o v ,  L.  M. M o n o s o v ,  
A.  M. T s y b i n ,  a n d  A. A.  S h m a t k o v a  

UDC 624.131+539.215 

We consider  an infinitely thin plate under cylindrical  quasistatic inflection conditions lying upon a hy- 
draulic  foundation, i.e., a layer  of viscous liquid of finite depth. The plate mater ia l  is incompress ible  and such 
that the intensity of the deformation rate deviator  and the s t r e s s  deviator are related by a power dependence. 
Such relat ionships are  often used to descr ibe  the s t r e s s - d e f o r m e d  state of construct ions of ice under conditions 
of developed steady state creep.  In the case of plate inflection by a concentrated force  asymptotic express ions  
are  found for  deflection at short  and long t imes.  The solutions constructed make it possible to find the depen- 
dence of the deflection of an ice coating upon time as found in fu l l -sca le  studies.  

1. Formulat ion of the Problem.  We will consider  the case of cylindrical  inflection of a plate of thickness 
h, lying upon a layer  of incompress ib le  viscous liquid of finite depth H (Fig. 1). The inflection is accomplished 
by- a concentrated force Q. To pe r fo rm experiments  on ice covers  a special  ice-cut t ing apparatus was used, 
weighing 2.5 tons, about 7 mlong, with a bearing surface of 0.13 m 2, and additiona! load weights f rom 2 to 30 tons. 
The thickness of the ice plate h = 0.25-0.35 m, with the thickness of the liquid layer  H = 10-16 m. 

We assume that the plate mater ia l  can be descr ibed by Glen's law, which assumes  a power relationship 
between the intensity of tangent s t r e s s e s  and the deformation rate [1], ~ = Bo b, where B and b are  a coefficient 
and the c reep  index (greater  than unity). In solving the problem we will use the steady state creep equation, 
i.e., the p la te ' s  deflection should increase  l inear ly  with time. In reali ty,  because of the interact ion between 
the plate and the base its deflection proves  to depend nonlinearly on t ime, but the l inear t e r m  is the main one 
at both shor t  and long relat ive time intervals .  

The deflection of the plate can always be expressed in the form y = Ye + Yc, where the te rm Ye considers  
elastic and plast ic  deformations which develop pract ica l ly  instantaneously upon load application, while Ye de-  
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